Abstract. Dehornoy showed that the Artin braid groups Bn are leftorderable. This ordering is discrete, but we show that, for n > 2 the Dehornoy ordering, when restricted to certain natural subgroups, becomes a dense ordering. Among subgroups which arise are the commutator subgroup and the kernel of the Burau representation (for those n for which the kernel is nontrivial). These results follow from a characterization of least positive elements of any normal subgroup of Bn which is discretely ordered by the Dehornoy ordering.
Left-orderable groups and braids
A group G is left-orderable if there exists a strict total ordering < of its elements such that g < h implies f g < f h for all f, g, h ∈ G. If (G, <) is a left-ordered group, then the positive cone P := {g ∈ G : 1 < g}, where 1 is the identity of G, satisfies:
(1) P is closed under multiplication and (2) For each g ∈ G, exactly one of g = 1, g ∈ P or g −1 ∈ P holds. Conversely, as is well-known, the existence of a subset P satisfying these conditions implies that G is left-orderable, by defining g < h if and only if g −1 h ∈ P . Left-orderable groups (the same class as right-orderable groups) are torsion-free and moreover they obey the zero-divisor conjecture: if R is an integral domain, then the group ring RG has no zero divisors. For further information on left-orderable groups, see [9, 7] . A left-ordering < is said to be discrete if the positive cone has a least element. The following is routine to verify. Proposition 1.1. If a left ordering < on G is discrete, with least positive element ǫ, then every element g ∈ G has the immediate predecessor gǫ −1 and immediate successor gǫ. If it is not discrete, then it is dense, in the sense that whenever f < g in G, there exists h ∈ G with f < h < g.
For each integer n ≥ 2, the Artin braid group B n is the group generated by σ 1 , σ 2 , . . . , σ n−1 , subject to the relations
It was shown by Dehornoy (see [2, 3] ) that each B n is left-orderable. The positive cone consists of all elements expressible as a word in the σ i such Date: February 1, 2008. that the generator with the greatest subscript occurs with only positive exponents. More precisely, for i ∈ {1, . . . n − 1}, a word in the generators of B n is called i-positive (respectively i-negative) if it contains only the generators σ 1 , . . . , σ i , the generator σ i occurs in the word, and every occurence of σ i has positive (resp. negative) exponent. If the word contains no σ j , j ≥ i (i.e., contains only σ 1 . . . , σ i−1 ), it is said to be i-neutral. A braid β ∈ B n is then said to be i-positive (resp. i-neutral, i-negative) if it admits a representative word that is i-positive (resp. i-neutral, i-negative). According to Dehornoy, these possiblities are mutually exclusive: for each braid group element β = 1 and each i ∈ {1, . . . n − 1}, if β ∈ σ 1 , . . . , σ i there is exactly one of three possibilities: β is i-positive, i-negative or i-neutral. The positive cone therefore consists of all braids which are i-positive for some i. Proof. Clearly σ 1 > 1. Suppose there exists β ∈ B n with 1 < β < σ 1 . Then β is i-positive for some 1
1 β > 1 and β > σ 1 , which contradicts β < σ 1 . If i = 1, then β must be a power of σ 1 . But the requirement that β < σ 1 implies this power cannot be positive, again a contradiction.
Discretely ordered normal subgroups of B n
It may come as a surprise that a discretely left-ordered group can have a subgroup upon which the restriction of the ordering is dense. A simple example of this phenomenon is the direct product Q × Z of the (additive) rationals and integers. The product is given the lexicographical ordering, that is (p, m) < (q, n) if and only if either p < q or else p = q and m < n, using the standard ordering of Q and Z. This ordering is discrete (and both left-and right-invariant), with least positive element ǫ = (0, 1). On the other hand, the subgroup Q × {0}, under the same ordering is densely ordered.
The main point of this article is that this phenomenon also happens for certain natural subgroups of the braid groups, with the Dehornoy ordering; it becomes dense when restricted to the subgroup. To analyze this, it is first necessary to understand discretely ordered subgroups, and in particular, normal ones.
In this section, we characterize the possible least positive elements of normal subgroups of B n for which the Dehornoy ordering is discrete. This will be used later to show that several important subgroups of B n are actually densely ordered by the Dehornoy ordering. We recall the natural inclusions B m ⊂ B n whenever m ≤ n which takes σ i ∈ B m to σ i ∈ B n .
In the following proofs, we use the notation C(r) to denote the centralizer of B r−1 in B r . Lemma 2.1. Suppose that N is a nontrivial normal subgroup of B n with N ∩ B n−1 = 1, and n ≥ 3. Then if N is discretely ordered by the Dehornoy ordering, its least positive element is contained in C(n).
Proof. Choose β > 1 in N . Then β must be (n − 1)-positive, else it would lie in the trivial intersection N ∩ B n−1 . Suppose that β ∈ C(n), so that we may choose γ ∈ B n−1 (thus γ is (n − 1)-neutral) not commuting with β.
Note that βγβ −1 cannot be (n − 1)-neutral, for then βγβ −1 γ −1 is also (n − 1)-neutral, so that βγβ −1 γ −1 ∈ N ∩ B n−1 = 1, contradicting our choice of γ. We therefore consider two cases:
(1) Case
positive, and therefore so is βγ −1 β −1 γ. But γ −1 β −1 γ is (n − 1)-negative, and so β > βγ −1 β −1 γ, and we get β > βγ −1 β −1 γ > 1. We conclude that any β / ∈ C(n) cannot be the least positive element in N .
To extend this result: Theorem 2.2. Let N ¡ B n be a discretely ordered nontrivial normal subgroup. Then the least positive element of N is either a positive power of σ 1 , or lies in C(r), where 3 ≤ r ≤ n − 2 is the largest integer such that N ∩ B r−1 is trivial.
Proof. Suppose that N ¡ B n , and that N ∩ B r−1 is not trivial, for all r ≥ 3. Then N ∩ B 2 is non-trivial, so that N contains a positive power of σ 1 , say σ m 1 , m ≥ 1. Since σ 1 is the least positive element in B n , its immediate successors are σ Assume then that for some r ≥ 3, the intersection N ∩ B r−1 is trivial, while N ∩ B r is not. Then we may apply our lemma, with r replacing n, to conclude that the least positive element of N ∩ B r lies in C(r).
It remains to establish that the elements of C(r) are minimal in all of N . Given any β ∈ N with β > 1, suppose that β is i-positive for some i > r − 1 (The lemma has already dealt with the case i = r − 1). Choose γ > 1 in N that is r-positive (or j-positive for any i > j ≥ r − 1). Then the braid γ −1 β is i-positive, so that 1 < γ −1 β, and we get γ < β. This gives 1 < γ < β.
It is a result of [4] that C(r) consists of all elements of the form
and
Here, ∆ k is the Garside "half-twist" braid
whose square generates the (infinite cyclic) centre of B k . Note that in both cases above, C(r) ∼ = Z × Z, as the two parts of each expression commute with one another.
We r−1 appears at least twice in the formula for ∆ −2u r (with no positive exponent occurences), the resulting braid is (r − 1)-negative. We conclude that γ < β.
To show that our choice of γ is positive, we make an identical pictorial argument, concluding that γ shares the same sign as ∆ 2v r−1 , so γ is positive if v > 0.
To deal with the exceptional case
we may use arguments identical to the two cases above, with the obvious small modifications. Proof. Note that for any n, [B n , B n ] is characterized as the set of all braids having total exponent equal to zero for some (hence every) representative braid word. Using this characterization, it is easy to see that for any fixed n the intersection [B n , B n ] ∩ B r is nontrivial for all r > 2 and trivial for r = 2, since [B n , B n ] contains no powers of σ 1 . By Proposition 2.3, if [B n , B n ] is to have a least positive element, it must be of the form ∆ 2u 3 , u ≥ 1. This is not possible, since ∆ 2u 3 has positive exponent sum and so is not a commutator. We conclude that the commutator subgroup must not have a smallest positive element, and is densely ordered.
The previous proposition can be improved by noting that none of the possible least elements yielded by Proposition 2.3 are contained in [B n , B n ], and so a nearly identical argument applies to any normal subgroup of B n contained in the commutator subgroup. Proposition 3.2. If N is a normal subgroup of B n , n ≥ 3 and {1} = N ⊂ [B n , B n ], then N is densely ordered by the Dehornoy order.
We recall that the pure braid groups P n are the subgroups of B n of braids whose associated permutation is trivial. The Dehornoy left-ordering of P n is discrete, with least positive element σ 2 1 . On the other hand, P n has a twosided invariant ordering [10] , which is necessarily dense (see [8] ). Noting that P n and [P n , P n ] are normal in B n , and moreover [P n , P n ] ⊂ [B n , B n ] we conclude from Proposition 3.2:
Proposition 3.3. The subgroup [P n , P n ] is densely ordered by the Dehornoy order if n ≥ 3.
Brunnian braids.
An n-strand braid is said to be Brunnian if for every strand, the result of removing that strand is the trivial (n−1) braid, that is, the identity in B n−1 . The set of Brunnian braids is a normal subgroup of B n . For n = 2, it is all of B 2 , but for n ≥ 3 one can check that the linking number each pair of strands must be zero, which implies that Brunnian braids lie in the commutator subgroup. As a consequence of Proposition 3.2, we have the following. Proposition 3.4. For n ≥ 3, the subgroup of Brunnian braids in B n is densely ordered by the Dehornoy ordering.
3.3.
Homotopically trivial braids. In answer to a question of Artin, D. Goldsmith [5] showed that for n ≥ 3 there exist nontrivial braids which are homotopically trivial, in the sense that they can be deformed to the trivial braid by a homotopy of the strings, in which a string may pass through itself, but not another string. The set of such braids forms a subgroup of B n which is easily seen to be normal, and in fact Goldsmith gives a set of generators, all of which are commutators of pure braids. We conclude from this (or by observing that the candidates for least positive element are homotopically nontrivial): Proposition 3.5. For n ≥ 3, the subgroup of homotopically trivial braids in B n is densely ordered by the Dehornoy ordering. 
where the 1 − t entry always appears in the (i, i)-th position.
Proposition 3.6. The kernels of the Burau representations ρ n , where nontrivial, are densely ordered by the Dehornoy order.
Proof. Note that det(ρ n (σ i )) = −t for any i < n. Therefore, if ρ n (β) = I n for some braid β, a necessary condition is that det(ρ n (β)) = 1, which can only happen if the total exponent sum of β is zero. We conclude that ker(ρ n ) ⊂ [B n , B n ], and apply Proposition 3.2.
3.5. The homomorphism B 4 → B 3 . There is a well-known homomorphism h : B 4 → B 3 defined by
The kernel of h is the normal closure of σ 1 σ 3.6. The Shepperd subgroup. In contrast to the above, we consider the subgroup H n < B n of "braids which can be plaited with their threads tied together at each end," which was introduced by Shepperd [11] . For ease of exposition, we introduce the shift homomorphism sh : B m → B n , m < n defined by sh(σ i ) = σ i+1 . This is clearly injective and order-preserving. The shift may be iterated, and we note that sh r (∆ n−r ) 2 generates the center of the subgroup σ r+1 , . . . σ n−1 of B n . Let H n be the subgroup of B n generated by the elements
and β n = ∆ 2 n . We call H n the Shepperd subgroup (after [11] ), where it is shown that H n is normal and that
where the generator of Z is β n , and the free group F n−1 has generators β 1 , · · · , β n−1 . Note that H n ⊂ P n , as each of the generators is a pure braid. Proposition 3.8. For n ≥ 3 the subgroup H n is discretely ordered, with least element β n−1 = ∆ 2 n−1 . Proof. Clearly β n−1 ∈ H n ∩ B n−1 . In fact, the proposition follows from showing that β n−1 = H n ∩ B n−1 , which we will now argue. Suppose that there is some α ∈ H n ∩ B n−1 that is not a power of β n−1 . Then there are two cases:
Case 1: The elements α and β n−1 are powers of some common element γ ∈ H n ∩ B n−1 . If n = 3 then β n−1 = σ 2 1 , so that the only possibility is γ = σ 1 , which is not allowed since σ 1 / ∈ H 3 . On the other hand, if n > 3, it is known (see, for example, [6] , Theorem 4.1) that every root of the central element ∆ 2 n−1 is conjugate to a power of δ or ε, where δ = σ 1 σ 2 · · · σ n−2 and ε = σ 2 1 σ 2 · · · σ n−2 . We note that δ n−1 = ε n−2 = ∆ 2 n−1 , and since their corresponding permutations have orders n − 1 and n − 2 respectively, no smaller power of either δ or ε is a pure braid. We conclude that this case does not occur.
Case 2: The elements α and β n−1 are not powers of a common element. Noting that α and β n−1 commute yields α, β = α × β n−1 ∼ = Z × Z ֒→ H n .
Recalling that H n ∼ = Z × F n−1 with generators as above, we find that both α and β n−1 must map into the free group F n−1 , yielding a contradiction.
